AN EMBEDDING THEOREM FOR ABELIAN MONOIDAL CATEGORIES 



PHUNG HO HAI 

Abstract. We show that, with some technical conditions, an abeUan category can be embed- 
ded into the category of bimodules over a ring. The case of semisimple rigid monoidal categories 
is studied in more detail. 



Introduction 

The problem of finding an embedding theorem for abelian monoidal categories is motivated 
on one hand by the Freyd- Mitchell full embedding theorem and on the other hand by Deligne's 
and Doplicher- Roberts' theories of "abstract Tannakian-Krein's duality" ||^, |^ . 

By definition, an embedding from an abelian category to another is a faithful functor which 
sends non-zero objects to non-zero objects. According to Freyd and Mitchell, a small abelian 
category admits an exact full embedding into the category of modules over a ring [|l^]. This 
important theorem allows one for example to treat finite diagrams in an abelian category as 
diagrams of modules. 

In [^, Deligne shows that, under certain technical conditions, an abelian symmetric rigid 
monoidal category admits an exact monoidal embedding into the category of modules over a 
commutative ring. Hence, by Tannaka-Krein's duality, such a category is equivalent to the 
category of representation of a groupoid Theorem 1.12]. Dophcher and Roberts study the 
case of compact groups and obtain an analogous result for C*-categories 0. 

With the birth of quantum groups , the theory of monoidal category has a new motivation. 
The "symmetric" condition turns out to be too strong and is replaced by a weaker one, the 
"braided" condition. The problem of generalizing Deligne's and Doplicher-Roberts' results to 
braided categories is interesting. Yet, one does not know what can be a target for such an 
embedding. 

The situation seems to be simpler if we drop the symmetry, i.e., to find an embedding 
for abelian monoidal categories. A natural candidate for the target category is the category of 
bimodules over a ring. In this paper we show that any small monoidal cateory with exact tensor 
product admits a right exact monoidal embedding into the category of bimodules over a ring. 
In particular, a small abelian rigid monoidal category admits an exact monoidal embedding 
(Theorem [3.21 ). 

Unfortunately, this embedding theorem does not seems to help solve the problem for braided 



categories, for, according to Schauenburg [|l^, the category of bimodules over a ring is never 
braided unless the basic ring is a field. 

Let me briefly explain the main idea of the paper. To find an embedding for a small abelian 
monidal category, we first extend it to a bigger monoidal category which is cocomplete and has 
an injective cogenerator, namely, a Grothendieck monoidal category. Then we extend the latter 
category to a module category, say over a ring R. Finally, we construct a monoidal functor 
from a module category with a monoidal structure to a bimodule category with the usual tensor 
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product. The construction of the last functor will be given in Section ^. In Section |^ we explain 
how to extend the tensor product on a small abelian monoidal category to a monoidal structure 
on a module category containing this small abelian monoidal category. In the last section we 
consider an application to the special case of semisimple categories. An explicit embedding is 
described. As a consequence, we show that a semisimple symmetric monoidal category with 
simple unit object is Tannakian (Corollary |4.3|) . 

Throughout the paper, the tensor product over a ring R is denoted by ®. ® also denotes 
the tensor product in an abstract monoidal category when no confusion may appear, othewise, 
we use the signs or □. The category of right i?-modules (resp. left i?-modules or R — R- 
bimodules) is denoted by Modij (resp. i^Mod or /jModH)- Horriii; (resp. i?Hom or /jHorriij) denotes 
the set of homomorphisms of right /^-modules (resp. left /^-modules or R — i?-bimodules). 



1. Abelian Monoidal categories 



1.1. Monoidal categories. Let A be a category. A monoidal structure on A consists of the 
following data: a bifunctor ® : A x A — > A, (X, Y) i — > X ® Y, called tensor product, an 
object /, called unit object, for which 

1. there exists a natural isomorphism a between the functors (— ® — ) ® — and — ® (— (S> — ), 
C(x,Y<z '■ {X ®Y) ® Z — > X ® {Y ® Z), called associator, such that the following diagram 
commutes: 



((X ® r) ® z) ® f/ ^^2j£^ (X ® (y z)) ® u 



X®{{Y ®Z)®U) 



<^X<^Y,Z,U 



{X®Y)®{Z® U) 



X®{Y ®{Z®U)) 



2. there exist natural ismorphisms of functors — ® /, I ® — and the identity functor: px '■ 
X ® I — > X and \x '■ I ® X — > X, called right and left units, such that the following 
diagram commutes: 



{X®I)®Y 



ax,l,Y 




(2) 



(A, (g), /, a, A, p) is called a monoidal category. In the case, when a,X,p are identity mor- 
phisms, we have a strict monoidal category. In the general case, the associator a allows one to 
speak of a tensor product of many objects Xi (g) X2 ■ ■ ■ (S> X„, without specifying the order in 
which the tensor product is applied (MacLane's coherence theorem 0, VII,2]). 

Using dlD and ^, we can show that the following diagrams commute: 



(/ ® X) ® r 



ai,x,Y 




(X ® y) ® / 



ax,Yj 



X ® (y ® /) 



XxtS)l 




PX(SY 



(3) 



and that A/ = pi (cf. ||11|| 

From the definition of a bifunctor, we have 



/ ® ^ = (1 ® ^) o (/ ® 1) = (/ ® 1) O (1 ® 



(4) 
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In particular, using the isomorphism A/ = p/, we have, for r, s G End(/): 

I® I I®I " I® I 



PI PI 



(5) 



/ ■ ^ / ^ /. 

Therefore, using the equation (^, we have r o s = sor. Thus, End(/) is an abehan group with 
respect to composition. Further, this group acts on any set Hom(X, F) from the left and the 
right by means of the isomorphism A and p: 

r-f:=Xy{r® f)X^\ f . r := py{f ® r)p],\ (6) 

We have 1, ■ / = / ■ 1, = /. 

1.2. The internal homs. Each object X in A defines a functor X®— : A — > A, Y i — > Xi^Y. 
If this functor has a right adjoint, the right adjoint will be denoted by rhom(X, — ). We have, 
by definition, a natural isomorphism 

Hom(X® = Hom(y,rhom(X,Z)), V F, Z. (7) 

The functor Ihom is define analogously by 

Hom(y ® = Hom(y,lhom(X,Z)), V Z. (8) 

The category A is called left closed (resp. right closed or closed) if the functor lhom(X, — ) 
(resp. rhom(X, — ) or both functors) is defined for any X G A. The general theory of adjoint 
functors (cf. |jlO|, Corollary V.3.2]) gives us the following criteria of closedness 

Lemma 1.1. Assume that /K is a cocomplete category with a generator. Then the tensor product 
on A is closed if and only if it commutes with colimits. 

In the general case, the functor lhom(X, — ) and rhom(X, — ) preserves colimits, whenever the 
latter is defined. If the category is closed, then we can also speak of the (contravariant) functors 
lhom(— jZ) and rhom(— ,Z). 

Lemma 1.2. Assume that A is closed. Then the functors lhom(— , Z) and rhom(— , Z) preserve 
colimits (i.e. sending colimits to limits) whenever the latter is defined. 

Proof. We have, for any y G A, 

Hom(F,rhom(lnnXi,Z) ^ Hom(\imXi ®Y, Z) 

= Hom{\im{Xi (g)Y),Z) 

= limHom(Xi®r, Z) 

= limHom(r, rhom(Xi,Z)) 

= Hom(y,limrhom(Xi,Z)), 

here we use the fact that Hom(y, — ) preserves limits. Since the above isomorphisms hold for 
any Y, we conclude that 

rhom(lmiXi,Z) = lim rhom(Xi, Z). 
The case of lhom(— , Z) is treated quite analogously.! 
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1.3. Rigid objects. Setting Z = I and Y = lhom(X, /) in (|^), we obtain a morpliism evx : 
lhom(X, I)0X — > I, which corresponds to the identity morphism in Hom(lhom(X, /), lhom(X, /)). 
It is obvious that (lhom(X, /), evx) is universal with this property. By definition, a left dual 
to an object X is a pair {X*,eyx '■ X* X — > I) such that there exists a morphism 



X 
X 



X* making the following diagrams commutative 

dhx^l ^ ^ ^ ^* idiS)clbx 



id 



X 



idjf®evx 



{X®X*)®X 



X®{X*® X) 



X* 



id, 



X 



X* (g) {X®X*) 



evjfiXiidj 



- (X* 



x*,x,x* 

X)(g)X* 



(9) 



The left dual, if it exists, is uniquely determined up to an isomorphism. Moreover, we have a 
natural isomorphism 



lhom(X, Z) = Z®X* 



(10) 



) exists if X has a left dual. In this case, the diagrams in 
has a left adjoint: X* ® — , consequently — commutes 



In particular, the functor lhom(X, 
(|^) also imply that the functor X ® 
with limits. 

The definition of a right dual *X to X is similar. Analogous assertions hold for objects having 
right dual. An object in A is called rigid if it possesses left and right duals. The category A is 
called rigid if its objects are rigid. 

1.4. Monoidal functors. Let (A, (g), a, p, A) and (A', ®', a', p', A') be monoidal categories. A 
functor F : A — > A' is called monoidal functor if there exists a natural ismorphism ^x,y '■ 
F(X) 0' [Y) — y f{X ® Y) and an isomorphism r] : I' — > F(-^); such that the following 
diagrams are commutative: 

(F(X) ®' F(F)) ®' F(Z) ^ F(X ® Y) ®' F{Z) X F((X ®Y)(E)Z) 

F(a) 



F(X) ®' (F(y) ®' F(Z)) ^ F(X) ®' f{Y ®Z)^ f{X ® (F ® Z)) 



I' 0' F(X) ^ F(/) ®' F(X) F(X) 0' I' ^ F(X) ®' F(/) 



F(X) 



A' 



F(/®X) 



F(X) 



Hp) 



F(X ® /) 



If an object X from A is rigid then it image F(X) is also rigid. 

1.5. Abelian monoidal categories. A monoidal category (A,®) is called abelian monoidal 
if it is abelian and the tensor product is an additive bifunctor. 

In this case, K := End(/) is a commutative ring and Hom(X, Y) becomes K — K-bimodule, 
for any objects X, Y. Notice that the two actions of K do not generally coincide and A is 
therefore not necessarily X- linear. 

From the discussion in |1.2| , if the functor lhom(X, — ) is defined then it is left exact and the 
functor X ® — is right exact. The same holds for rhom(X, — ) and — X. If A is closed then 
the contravariant functor lhom(— ,Z) and rhom(— ,Z) are also left exact. If an object X has 
left dual then the functor X (g) — is left exact; hence exact. In particular, if X is rigid then all 
the mentioned above functors are exact. Since X* = lhom(X, /), for a short exact sequence of 
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rigid objects — > X — > Y — > Z — > its dual sequence — > Z* — > Y* — > X* — > is 
also exact. 



2. Tensor structures on module categories 

Let i? be a a ring and Mod/j be the category of right modules over R. Let be a tensor 
product on Mod/j with associator a and left-, right units A, p. We assume that the tensor 
product is (left and right) closed. That is, (cf |1.1| ) the functors — 0X and X Q — possess right 
adjoints. Consequently, these functors preserves colimits. 

Consider a functor — Q X : Mod/? — > Mod/?, which preverves colimits. By a theorem of 
Watts , there exists a left action oi R on RQ X making it an i? — i?-bimodule, such that 
the functor — X is naturally equivalent to the functor — (i? X): Y i — > Y ® {RQ X). 
That is, there is a natural isomorphism 

OxiY) -.Y ®{RQX) — ^YQX. (12) 

Throughout this section, denotes the tensor product over R. For the case X = R, we shall 
call the action of on T := RqR the first left action of R on T, to distinguish with the second 
action defined subsequently. 

Explicitly, the left action of i? on i? X is given as follows 

-QX : R= End r{R) — > End r{{RQ X)). (13) 

Since is biadditive, we see that Ox(Y) is also natural on X. Hence RQ — : X i — > RQ X 
is a functor form the category Modi? to /jMod/j, commuting with colimits. Applying Watts' 
theorem again, we have an equivalence of the functors — Q R and — T with a left action of 
R on T, called the second left action: 

fix-.RQX — ^ X 02 T, (14) 

where the subindex 2 indicates that the second left action of Ron T is used to define the tensor 
product. 

By its definition, the second left action commutes with the other actions of R on T, making 
T an object in (^jK^^n^ModR. And have an i?-linear natural isomorphism 

Cx,Y ■■= Oy{X) o (idx /iy) : X 2{Y ® iT) — > X QY. (15) 

The associator a induces an i?-linear natural isomorphism 

«x,y,z := (id ® cy,z)cx]yqz^x,y,zCxqy,z{cx,y ® id) : 

(X 02 {Y 01 T)) 02 {Z 01 T.) — > X 02 {{Y 02 {Z 01 T)) 0i T.) (16) 

where the ation of R is induced from the right action on T (indicated by a dot). Analogously, 
we have i?-linear natural isomorphisms A' and p' 

>^x ■■= Axoe/,x:/®2(X0iT)^X, (17) 
p'x ■■= Pxoix,i:X®2{I®iT) ^ X. (18) 

Thus, we have defined data for a monoidal structure on Mod/j, namely, the tensor product of 
two module X, F is X 02 {Y 0i T)), the associator is a' and the left and right units is A' and p' . 
Using the naturality of c, we can show that these data define a monoidal structure on Mod/j. 
More explicitly, using routine diagram chasing, we can show the following lemma. 
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Lemma 2.1. Let (A, ®, /, a, p, A) be a monoidal category. Let © he another bifunctor /KxA — > 
A, which is equivalent to © by means of a natural isomorphism C,- Then together with the 
isomorphism a' , p' and X' defined as in j^ldj) , j^Tlj) and (f/^j, define another monoidal structure 
on A.I 



Setting X = Y = Z = R in ([T6D, we obtain an isomorphism oi R ®z R ®z R — -R-bimodules 

1 2 3 3 1 2 

where •, o, * denote the different actions of R on the source and the target of \1/ they will be 
referred to as the first, second and third left action of R. The right action is indicated by •. 
The following lemma shows that a' can be restored from this isomorphism. 

Lemma 2.2. Let P, Q be R — S-bimodules. Then a natural transformation c : —®P — > —®Q 
of functors Mod/? — > Mods is given by a R — S-bimodule homomorphism c = cr : P — > Q. 

Proof. We have the following commutative diagram: 

M P M (g)Q 



f 



N ® P N 

For N = M = R and a morphism fg : R — > R or right i?-modules, := sr, we have 

c{sp) = cn{s'S)p) = s{cr{1®p)) = sc{p). 

That is c is a left i?-module morphism. By definition, c is a right S'-module morphism, hence 
it is an i? — iS-bimodule morphism. Let now M = R and arbitrary. For n E N, choose 
fn '■ R — > N, /n(s) = ns, thus / is a morphism of right i?-modules. Then we have, plugging 
/ and Cat in the above diagram, CAr(n p) = (/ ® idQ)cij(l p) = n c(p).l 



Setting in (|T8D X = R and y = /, we have a natural isomorphism 

p' := p o c{R, I) : I 01 T — > R. (20) 
Analogously, we have a natural isomorphism 

X' := Xoc{I,R) : I 02T — > R. (21) 
The coherent constraints (p,(^, imply the following condition for the isomorphisms a', A', p': 

(a' 01 idT)(idT ®i «')(«' 02 idr) = (idr O3 a')(idT ®2 «')> (22) 
(A'(g)iidT)(p'®2idT) = id/Oio;'. (23) 
For any right i?-modules M, N, we have a sequence 

HomR(M, A^) 2Hom^_^(Af 0iT.,N Oi T.) ■ HomR{M., N.) 

(24) 

/ I ► / <S) idr I ^ id/ (g) / (g) idj- = / 

here 2Hom/j(M 0iT., N 01 T.) denotes the set of i? — i?-bimodule morphisms, the left actions 
of R on whose source and target are given by the second left action of R on T. According to 
the isomorphism in ([T7|) the composition of the above morphisms is an isomorphism, hence the 
map 

HomR(M, A^) ^ 2Homi?(M Oi T, AT ®i T) (25) 
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is inject ive. 

Consider now the functor u : Mod/j — > Modi?, X \ — > X ®i T, where the left action of R on 
X ®i T is given by the second left action of R on T. We have a natural isomorphism 

^x,Y := a^,x,y : ^i^) ® uj{Y) = (X ®i T) ®2 (Y ®i T) 

{X(d2T))®iT = Lo{X®2{Y ®iT)). (26) 



Lemma 2.3. VKzt/i the notation as above, (w,^) is a monoidal functor from (Modij,©) to 
(^ModK,®). 

Proof. One has to check hexagon identity for ^. Since in ^Mod^j, the tensor product is strict, 
the hexagon can be reduced to a pentagon. It turns out that the commutativity of this penta- 
gon is precisely the coherence condition of a', which holds by Lemma ( |2.1| ).l 



Remark. Although our monoidal category (Mod/j, 0) is not assumed to be strict. The functor 
(jj maps it into a strict monoidal category. 

Theorem 2.4. Let Q be a monoidal structure on Mod/j. Then the functor uj : Modn — > 
ijModij, X I — > X ®iT is a monoidal right exact embedding. 

Proof. We have seen that u is monoidal, faithful, right exact. It remains to show that 
u{X) ^ whenever X ^ 0. That is, X ^ for all X ^ 0. Let X be such that X ^ 0. 
Then 

= Hom(X i?, X) = Hom(i?, rhom(X, X)). 
Therefore rhom(X,X) = 0. But then Hom(X,X) = Hom(/, rhom(X,X)) = 0. Thus, X = 0.1 



Let now A be a monoidal category which, as an abelian category, is cocomplete with a 
progenerator (i.e. small projective generator |jlO|), and, as a monoidal category, is closed. Let 



P be a progenerator of A. Then A is equivalent to Mod/j, where R = End(P), by the functor 
F = Hom(P, — ). Since F is an equivalence, it caries the monoidal structure on A over to Mod/j. 
Thus, we have 

Corollary 2.5. Let (A, 0) be an abelian monoidal category, cocomplete and closed and with 
a progenerator. Then the functor uj : X i — > Hom(P, X P) is a monoidal functor from A 
to /jMod/j, where R = End(P). This functor is a right exact embedding. It is exact if P is 
left flat with respect to the tensor product on A. An analogous assertion holds for the functor 
X I — > Hom(P,P0X). 

Remark. Since X 0i T = X P. The functor uj is exact if and only if R is flat with respect to 
the tensor product 0. This is not alway the case. Take for example the category gMods, where 
5" is a ring not fiat over Z. Then for R = ®z S, sMods is equivalent to Modij. The tensor 
product is taken over S, therefore M 0s P = M ®s {S°p ®zS) = M 0z S. Thus P is not flat. 



3. An Embedding theorem for small abelian monodial categories 

Using the result of the previous section, we show in this section that a small abelian monoidal 
category with exact tensor product can be embedded in the category of bimodules over a ring. 
Our tactic is to embed C in a bigger category which is cocomplete with a projective generator. 
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3.1. The category Ind-C. A category I is called a filtering category if to every pair of 
objects from I there exists an object i", such that Hom(i,i") and Hom(i',z") are both not 
empty, and for every pair of morphisms f,f':i — > i', there exists a morphism g : i' — > j 
equalizing them, i.e. gf = gf. 

Let C be an abelian category. The category Ind-C of ind-objects of C consists of functors 
X : I — y C, where I is any small filtering category. Alternatively, denoting Xi := X(i),z G I, 
an ind-object of C is a directed system indexed by a small filtering category I. For two objects 
X = {Xjjjgi and Y = {Yj}j^j, their hom-set is 

Hom(X, Y) := lim(lmi Hom(Xi, Yj)). (27) 

The following lemma will be usefull when dealing with hom-sets of ind-objects. 

Lemma 3.1. (cf 0, Appendix, Cor. 3.2]) A morphism f : X — > Y can be represented, up to 
isomorphism, by a small filtering system of morphisms {fi : — > i^jiei- 

C is fully embedded in Ind-C by a constant functor. On the other hand, Ind-C is fully 
embedded in Fun(C°'', Set). For an ind-object X = {Xi}i^\, define the functor 

U-.Y — ^ limHom(y,X,). (28) 

By Yoneda's Lemma and the fact that Horn (—® AT) commutes with colimits, we have Hom(X, Y) = 
Hom(Lx, Ly). In fact, from definition, Lx is isomorphic to limLx, in Fun(C°^, Set). Therefore 

i 

Hom(Lx,Ly) = limHom(Lx,, Ly) 

i 

(by Yoneda's Lemma) = limLy(Xj) 

i 

= lnii(limHom(A:i,yj)). 

The category Ind-C is closed under filtering direct limits (cf. |0, Appendix. 4.4] or L8]). 
Note however that the direct limit computed in C (if it exists) is generally different from the 
one computed in Ind-C. 

3.2. Extension of functors. Let F : C — > D be a functor. A functor ind-F : Ind-C — > ind-D 

is defined as follows: 

ind-F({A,},e,) := {F{X,)},^j. (29) 
The action of ind-F on hom-sets is defined in a straightforward manner. 

3.3. Ind-category for abelian categories. Assume now that C is abelian. Then the functor 
Lx is exact for any ind-object X = {Aj}jg|. Indeed, in the category of sets, the filtering direct 
limits preserves left exact sequences, hence for a left exact sequence in C°^ : — > Y — > 
Y' — > y", we have the following left exact sequences 

— > Hom(y, Ai) — > Hom{Y',Xi) — > Hom(y", A^) 

i e I. Taking limit we have 

Lx(y) — Lx(y') wiY'). 

Conversely, let L be a functor C°^ — > Ab. By Yoneda's Lemma, for any X G C, Hom(Hom(— ® 
A),L(-)) = L(A). Consider the system Cl := {{X,y])\X G C,r/ G L(A)}. Morphism 
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(X, 77) — > {X',r]') are those from Hom{X, X'), which commute with r],r]', in the sense that 
L{f){ri') = rj. Then L is isomorphic to the functor 

Y\ — > \mv Hom(y,X). 

(x,,,)ec^ 

If L is left exact then C\_ is a filtering system. In fact, given (X, rf) and {X' , r]'), since left exact 
functors preserve direct sums, we can take the object {X", r]") to be {X © X', r] Q) rj'). For any 
two morphisms /, /' : {X, rf) — > (X', 77'), let g : X' — ^ Y be the coequalizer of / and /'. Since 
F is left exact (from 0°^ to Ab), we can take Q := \-{g)~^{r]'). Then (Y, C) is the required pair 
with g equahzing / and /'. 

Thus, a functor from — > Ab is left exact if and only if it has the form as in (^). The cat- 
egory of left exact functor Lex(C°^, Ab) is naturally equivalent with Ind-C (cf 0, Appendix 4.5]). 
We know that the category Lex(C°P, Ab) is a Grothendieck category, i.e. complete, cocomplete 
with a generator and filtering limits preserve exact sequences. In such a category injective 
envelopes exist and an injective cogenerator exists (cf. |^ Chapter II] or ||T3|, Chapter V, X]). 

3.4. Extension of monoidal structures. Assume now that C is a monoidal category. Thus, 
we have a bifunctor © : C x C — > C, which induces a bifunctor © : ind-C x ind-C — > ind-C. 
Explicitly, for ind-objects X = {Xj} and Y = {Yj}, we set 

X © Y := lim lim Xi © y^. (30) 

It is easy to see that this functor define a monoidal structure on Ind-C, with the unit object 
being the unit object in C. In fact, we have, for any ind-object X: 

X © / = limXi © / = InnXi = X. 

i i 

Assume now that C is abelian. Since directed limits preserve exact sequences, the tensor 
product in Ind-C is left (right) exact whenever the tensor product in C is. Indeed, by Lemma 
|2.2| , any left exact sequence — > X — > X' — > X" can be "uniformly" represented by a filtering 
system 

— >Xi^X[^ Xf , i e I. 
Thus, assuming that the tensor product on C is left exact, for any object Yj of C, the sequence 

O^Xi&Y,^ X[ © Yj X;' © Yj, 2 e I, J G J, 
is exact. Since filtering limits preserve exact sequences, we have a left exact sequence 

^ X © — ^ X © — y X" © y„ j e J. 

Taking the limit after j, we obtain a left exact sequence 

— >XqY — ^ X' © Y — >X"qY. 
In particular, the tensor product on Ind-C is exact if the tensor product on C is. 

3.5. An embedding theorem for small abelian monoidal categories with exact tensor 
product. Let C be a small, abelian monoidal category with an exact tensor product. Set 
A := Ind-C. Then we see in the previous section that A is a monoidal Grothendieck category 
with an exact tensor product. Let J be an injective cogenerator in A, which exists due to the 
the fact that A is a Grothendieck category. 

Let R := End(J). Consider the functor 

Hom(-, J) : A°P — > ^Mod. 
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Since J is injective, the functor is exact and since J is a cogenerator, the functor is faithful. 
Moreover, the functor is full whenever X is a submodule of J®", n < oo (cf. [110, IV.4.1]). 



The object J can be chosen so that every object of C satisfies this condition. Therefore, the 
embedding C°'' — > rMocI is exact and full. 

The tensor product on A induces a bifunctor on a subcategory of ijMod, which contains i? - a 
progenerator of i^Mod. Notice that HomA°p(J, J) = R\-\om{R,R). Therefore we can extend the 
tensor product, which is considered as a functor on the full subcategory of /jMod^j, consisting of 
one object R, to a colimit preserving functor on the whole category ^Mod (cf. [|10|, V.5.2,pl06]). 
The explicit construction is given as follows. 

First, we define the tensor product on the direct sum of R. For any sets S, T, R^DR^ = 
{R R)'^^^. Then, for any module M, take a resolution 

R^ Lr^ ±.M — > 
and define i?^nM to be the cokern of RFuf: 

R^UR^ — , R^UR^ — , R^UM — > 



Analogously, we define MDi?^ and then M^N . Lemma V.5.2.1 of [|T^ ensures that the above 



construction does not depend on the choice of resolution. The associator is defined first on the 
direct sums of R and then projected on the other objects. 

From the construction of □, we see that if M and are finitely presented modules then 

M QN = MUN. 

On the other hand, we know that if an object X of C has a resolution of the form — > X — > 
— > where S", T are finite sets, then the i?-module M = Hom(X, J) is a finitely presented 
-R-module. 

This condition may not be satisfied for any injective cogenerator. However, it can be archived 
by increasing the cogenerator. We take the direct sum of all objects from C and then take 
its injective envelope. Denote the object obtained by Ji. Then J ® Ji is also an injective 
cogenerator, in which every object of C can be embedded. For any X G C, let ix be an 
embedding in J ® Ji and let X' be the cokern of ix, i.e., we have an exact sequence — > 
X — > J ® Ji — > X' — > 0. Now, let J2 be the injective envelope of the direct sum of all X' 
where X runs in C. Let J := J ® J\® Ji. Then for any X G C, we have a resolution by J: 

X c — . J — J © X' © J2 c — . J © J. 

Since □ preserves colimit and since any module is a filtering direct limit of finite presented 
modules (cf. |TB| , 1.5], we have, for any i?-module M = limMj, Mi are finitely presented 

i 

i?-modules, 

laM = JDlnnM, = Inn(JnMi) = limM, = M. 

i i i 

Thus, / is the unit object in ^jMod with respect to the tensor product □. 
Applying the result of the previous section, we have a monoidal functor 

uj : nMod — > nModn, M 1 — > MaR, 

which is a right exact embedding. Compose u with the functor Hom( — , J), we get a right exact 
functor from to /jModij, whose restriction on C°'' is a right exact monoidal embedding. The 
last functor is given by 

X I — > Hom(X0 J, J). 
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If we start instead with then the above discussion give us a monoidal right exact embed- 
ding from C to ijModij. Thus we have proved 

Theorem 3.2. Let C be a small abelian monoidal category with the tensor product being exact. 
Then C admits a right exact monoidal embedding into the category /jMod/j for some ring R. The 
functor is given explicitly by X — > Hom(J, X J) for a suitably chosen injective cogenerator 
J in Ind-C. 

In particular, if C is an abelian rigid monoidal category then the tensor product is exact 
and the theorem above applies. In this case, the embedding is exact. Indeed, let — > X — > 
Y — > Z — ^ be an exact sequence. Applying the left dual functor, we have an exact sequence 
— > Z* — >■ Y* — > X* — > 0. Let F denote the embedding functor. Then we have a right 
exact sequence of i?-modules: 

F(Z*) — ^F(r*) — >F(X*) — >0 (31) 

Since F is a monoidal functor, F(X*) = F(X)* = lhom(F(X), i?). Therefore F(X) = rhom(F(X*), i?). 
Applying the left exact functor Hom(— , i?), we obtain a left exact sequence 

F(X) — > F(y) ^ F(Z). 

Since the category of bimodules over a ring is cocomplete, the embedding can be extended to 
a functor ind-F : ind-A — > /jModij, which is also exact and monoidal. Explicitly, this functor 
has the form, for X = 

ind-F(X) = limHom(J,Xi J). (32) 



Theorem 3.3. Let C be a small abelian monoidal rigid category. Then C admits an exact 
monoidal embedding in to the category of bimodules over a ring. Further, the embedding is 
extendable to an exact embedding of the category ind-C, which commutes with colimits. 

Proof. What remains to be proved is that the functor ind-F is faithful or equivalently that 
ind-F(X) ^ when ever X 7^ 0. 

First, we remark that, since ind-F is exact, ind-F(X) ^ whenever X possesses a subobject 
(or a quotient object) Y, with ind-F(Y) ^ 0. 

The following fact in Ind-C is well-known (cf. [|^, Cor. II. 3. 2]). If and ind-object X is a 
subobject of an object X G C, then X contains a subobject y G C. Indeed, let i : X — > X be a 
monomorphism in Ind-C and j : Y — > X be a non-zero morphism, y G C, then io j : Y — > X 
is non-zero and is a morphism in C, for C is a full subcategory of Ind-C. 

A direct consequence of this fact and the preceding remark is that the image under ind-F of 
any non-zero ind-object, which is a subobject of an object from C, is non-zero. 

Let now X G Ind-C be a non-zero object. There exists a non-zero morphism j : Y — > 
lhom(X,/), y G C. Since 

Hom(X, *Y) = Hom(y X, /) = Hom(y, lhom(X, /)), 

there exists a non-zero morphism k : X — > *Y, corresponding to j in the above isomorphisms. 
\mk is a non-zero subobject of *Y, hence ind-F(lmA;) ^ 0, consequently, ind-F(X) ^ 0. I 
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4. Semisimple abelian rigid monoidal categories 

In this section we consider a simple case, where the construction in the previous section can 
be exphcitly given. Let C be a semisimple rigid monoidal category. Thus, as abelian category, 
C is characterized by its simple objects Xj, i G X, and the ring Ri = End(Xj), where X is a set. 
The category A = Ind-C is easy to characterize. Each object of A is a direct sum of copies of 
Xi, i E I. An injective cogenerator can be chosen to be J = 0jgjXj. Our embedding is then 

X ^ Hom(0X,,X,© (0Xfc)) - n0Hom(X,,Xi0Xfc), (33) 

j k j k 

in the category of i? — i?-bimodules, where R = End(J) = Hi Ri- Each Ri being an endomor- 
phism ring of a simple object is a skew-field (non- commutative field). 

For any object X E C, we have End(X) = Hom(/, X ® X*). If J is a simple object, then the 
dimension of End(X) over K = End(/) is equal to the number of copies of / in the decomposition 
of X ^X*. Through the above embedding, / is mapped to the ring R and X^X* is mapped to 
a bimodule over R which is projective of finite rank when considered as left or right i?-module. 
Therefore X ® X* can contain only finitely many copies of / in its decomposition into simple 
objects. Consequently, End(X) is finite dimension over K. 

Proposition 4.1. Let C be a semisimple rigid monoidal category with a simple unit object. 
Then for any object X E C, End(X) is finite dimensional over End(/), in particular, objects of 
X are direct sums of simple objects. 

From now on we shall assume thatC is a semisimple rigid monoidal category with a simple 
unit object. Let Vi I := Hom(Xj,Xj X^) then Vi is an i? — i?-bimodule, whose left action 
is induced by the left action of Rk and whose right action is induced by the left action of Rj. 
Since Rj and Rk are skew-fields, Vi \ becomes a left and right vector space over Rk and 
respectively. 

Let c'i^ be the multiphcity of Xj in Xj X^. Then dxrcxjiVi I = c^f.. On the other hand, since 
C is rigid, we have 

Hom(X,, X, Xk) = Hom(X,* X,-, X,,). (34) 

Therefore d\mji^Vi l = c**^-. In particular, Vi { is finite dimensional over Rj and Rk- Moreover, 
if we fix i, j and let k run in X then (0) shows that there are only finitely many k for which 
Vi l is non-zero. Analogously, for i, k fixed, there are only finitely many j for which Vi j. is 
non-zero. We also notice that ^ i ^ = unless k = n. 

Since Xj is rigid, its image in /{Modfi is projective of finite rank when considered as a left of 
a right i?-module, thus, particularly finitely presented. Since the tensor product with a finitely 
presented module commute with direct product, (cf. []T^ Lemma 1.13.2]), we have 

j k J \ m n / j k \ rn n / 

= n0f^^i®(0v^™)) 

j k \ n / 

i n \ k / 

Notice that in the last term of the above equations, the index k runs in a finite set for each 
fixed j and n. Thus, we can interpret the bimodule image of any object of C as an infinite 
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matrix in which there is only finite number of non-zero element on each row or each column. 
The tensor product is given in terms of matrix multiplication. Dual objects correspond to 
transposed matrices. 

The discussion above allows us to give an estimation on the dimension of the space End(X®") 
over K = End(/) assuming that / is simple and Ri = K for all z G X. Notice that although 
the two actions of K on Hom{X,Y) may be different, the dimension of Hom{X,Y) over K 
with respect to these actions are equal (whenever they are finite). Thus, it is meaningful to 
speak of the dimension over K. In our case, End(X®") = Hom(J,X®'^ © X®"*). Since / is 
simple, the dimension of End(X®") is equal to the number of copies of I in the decomposition 
of Hom(/,X®"' X®"*). We want to show that this dimension does not exceed (P for some 
positive d depending only on V. Embedding C into /jMod/j as above, we see that this dimension 
can not exceed the number of copies of R in the image of X®" X®"*. Let V be the matrix 
representing the image of X, then V"' ■ ^{V"') represents the image of X®" X®"*. R itself 
is represented by the identity matrix. Therefore, the number of copies of R in the bimodule 
V"' ■ ^{V"') is equal to the minimal among the dimension over K of the sub-bimodules lying in 
the diagonal of y"-*(V""). 

Since X is rigid, V represents a projective module of finite rank over R, therefore, the sum of 
dimension of on each row or each column should be uniquely bounded by a certain number 
d. Then, the same holds for the matrix V"' ■ with d replaced by rf^". In particular, the 

dimension of {V^ ■ *(V^"))i should not exceed rf^". Thus, we have proved 

Theorem 4.2. Let C be a semisimple ahelian rigid monoidal category with simple unit object, 
whose endomorphism ring is denoted by K . Assume that for any simple object, its endomor- 
phism ring is isomorphic to K. Then for any object X, there exists a positive number d, such 
that the dimension over K o/End(X") does not exceed d". 

Remark. The condition R^ = K,'^i ^ I can be replaced by the condition that the dimension of 
Ri over K is globally bounded by a number c. In this case, d should be replaced by dc'^. 
Theorem |4.2| has the following important consequence. 



Corollary 4.3. Assume that C satisfies the condition of Theorem [^.^ and that, moreover C is 
symmetric. Then, if char K = 0, we can modify the symmetry on C so that for any object X 
of C, there exists an integer n, for which f\n{X) - the n-th antisymmetric tensor power of X 
is zero. Consequently C is Tannakian. 

We give here only a sketch of the proof. A detailed proof will be given elsewhere. 

Given a symmetry of C, we define for each object X its categorical dimension to be the 

morphism / X X* — ^ X* X /, an element of K = End (J). This dimension 
if an additive and tensor-multiplicative function on X. Since the category is semisimple, the 
dimension of a simple object is non-zero. 

On the other hand, the symmetry induces a representation of A;[©„] in End(X®") for any 



object X, &n is the symmetric group. Theorem [4.2| ensures that starting form some ra, the 
representation is not faithful. That means some subobject of X®"™ should be zero; its dimension 
is therefore also zero. This implies that the categorical dimension of X should be an integer. 
Thanks the semisimplicity we can modify the symmetry on C so that the dimension of a simple 
object is a positive integer, hence so is the dimension of any object. Then we are done by 
Theorem 7.1]. I 



Acknowledgment 



14 



PHUNG HO hAi 



The author should hke to thank Professors M. Artin, B. Pareigis and P. Smith for useful 
discussions. This work is supported by the Mathematical Sciences Research Institute. 

This work was presented at the conference on Quantum groups in Morelia, Mexico. The 
author should like to thank the organisers and the Institute of Mathematics, UNAM for the 
hospitality during the conference. 

References 

[1] M. Artin, A. Grothcndicck. and J. L. Vcrdicr. Theorie des topos et cohomologie etale des schmas. Seminaire 
de Geometrie Algebrique du Bois-Marie 1963-1964 (SGA 4), volume 305 of Lecture Notes in Mathematics. 
Springer- Verlag, 1973. 

[2] M. Artin and B Mazur. Etale homotopy, volume No. 100 of Lecture Notes in Mathematics. Springer- Verlag, 
Berlin-New York, 1969. 

[3] P Deligne. Categories tannakiennes. In Cartier P. and et.al., editors. The Grothendieck Festschrift, volume II 

of Progr. Math., 87, pages 111-195. Birkhauscr Boston, Boston, MA, 1990. 
[4] P. Deligne and J. Milne. Tannakian Categories. In Lecture Notes in Mathematics, volume 900, pages 101- 

228. Springer- Verlag, Berlin-Heidelberg-New York, 1982. 
[5] Sergio Doplicher and John E. Roberts. A new duality theory for compact groups. Invent. Math., 98(1):157- 

218, 1989. 

[6] V.G. Drinfel'd. Quantum Groups. Proceedings of ICM, Berkeley, 1987. 

[7] P. Gabriel. Des categories abclicnncs. Bull. Sac. Math. France, 90:323 448, 1962. 

[8] Ch. Kassel. Quantum Groups, volume 155 of Graduate Texts in Mathematics. Springer- Verlag, 1995. 531p. 
[9] S. Mac Lane. Categories. For the Working Mathematician. Springer Verlag, 1971. 
[10] B. Mitchell. Theory of categories, volume XVII of Pure and Applied Mathematics. Academic Press, New 
York-London, 1965. 

[11] B. Pareigis. Lectures on quantum groups. Available at www.mathematik.uni-muenchen.de/~pareigis, 1994. 
[12] P. Schaucnburg. The monoidal center construction and bimodules. To appear in Journal of Pure and 
Applied Algebra, 2000. 

[13] B. Stenstrom. Rings of quotients, volume 217 of Die Grundlehren der Mathematischen Wissenschaften. 

Springer- Verlag, New York-Hcidclbcrg, 1975. 
[14] C. E. Watts. Intrinsic characterizations of some additive functors. Proc. Amer. Math. Soc, 11:5-8, 1960. 

Hanoi Institute of Mathematics, P.O.Box 631, 10000 Boho, Hanoi 

Current address: Mathematical Sciences Research Institute, 1000 Centennial Drive, Berkeley, CA 94720 
E-mail address: phung@ioit.ncst.ac.vn and phung@msri.org 



